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Abstract 
This paper demonstrates oscillations in the economic growth model with 
endogenous population growth and physical and human capital accumulation 
proposed by Zhang (2014). This study generalizes Zhang’s model by treating all 
the time-independent parameters as time-dependent parameters. The model is a 
synthesis of the Solow growth model, Uzawa-Lucas two-sector model, and the 
Haavelmo population model and the Barro-Becker fertility choice model. The 
model studies the dynamic interdependence between population change, wealth 
accumulation, and human capital accumulation. We simulate the model to 
demonstrate existence of business cycles under different periodic shocks. 
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1. Introduction 
Modern economies are characterized of volatile changes in association with fast 
capital accumulation, widely spread education and fast accumulated human capital, 
and population dynamics. In many parts of the world life expectancy has increased 
dramatically. To explain the economic mechanisms and dynamic phenomena of these 
changes, this study builds a dynamic model to study interactions between wealth 
accumulation, human capital accumulation, and population dynamics with 
endogenous birth rate and mortality rate. This study is mainly concerned with 
demonstrating economic fluctuations under different exogenous shocks. There are a 
lot of theoretical and empirical research about mechanisms and phenomena of 
economic fluctuations. (Lucas, 1977; Zhang, 1991, 2005, 2006; Chatterjee and 
Ravikumar, 1992; Gabaix, 2011; Giovanni, et al. 2014; Stella, 2015). Nevertheless, 
there are only a few theoretical models which identify fluctuations due to dynamic 
interdependence between economic growth, human capital accumulation and 
population change. This study attempts to identify economic fluctuations.  
The model by Zhang (2014) is based on some well-known models in the 
literature of economic growth and population dynamics. The neoclassical growth 
theory based on the Solow growth model is mainly concerned with endogenous 
physical capital (Solow, 1956; Burmeister and Dobell, 1970; Azariadis 1993; and 
 10 
Barro and Sala-i-Martin, 1995). This study follows the traditional neoclassical growth 
theory in modelling economic production and physical capital accumulation. In 
Modelling behaviour of the household, we base on an alternative approach to 
determining behaviour of households proposed by Zhang (1993). In modelling human 
capital we follow Uzawa (1965) and Lucas (1988). Although economists have made 
great efforts in building growth models with endogenous human capital and physical 
capital with microeconomic foundations (Jones et al. 1993; Stokey and Rebelo, 1995; 
de la Croix and Licandro, 1999; Mino, 1996; Lagerlof, 2003; Alonso-Carrera and 
Freire-Sere, 2004; Galor, 2005; De Hek, 2005; and Sano and Tomoda, 2010), only a 
few studies deal with human and physical accumulation with endogenous population 
with microeconomic foundations within comprehensive analytical frameworks. The 
population change consists of dynamics of birth and death. Many factors may interact 
with changes in fertility (Barro and Becker, 1989; Galor and Weil, 1996; Doepke 
2004; Adsera, 2005; Bosi and Seegmuller, 2012; Hock and Weil, 2012; and Chu et al. 
2013). , the quality-quantity trade-off on children has been treated as a factor which 
affects the transition of economies from a stage of stagnation to perpetual growth. 
There are close relations between economic development and mortality rate (Schultz, 
1993, 1998; Robinson and Srinivasan, 1997; Boucekkine et al., 2002; Blackburn and 
Cipriani, 2002; Chakraborty, 2004; Hazan and Zoabi, 2006; Fanti and Gori, 2011; 
Balestra and Dottori, 2012; Lancia and Prarolo, 2012). As explained in Zhang (2014), 
the model in this study is influenced by these researches on birth rate and mortality 
rate.  The population dynamics is specially based on the Haavelmo (1954) population 
model and the Barro-Becker fertility choice model. The paper is organized as follows. 
Section 2 introduces the basic model with wealth accumulation and human capital 
accumulation. Section 3 simulates the model. Section 4 carries out comparative 
dynamic analysis with regard to oscillations in parameters. Section 5 concludes the 
study. 
 
2. The basic model 
The economy consists of one production sector and one education sector. Most 
aspects of the production sector are similar to the standard one-sector growth model. 
The economy produces only one (durable) good. We select the commodity to serve as 
numeraire. All the other prices being measured relative to the numeraire, households 
own assets of the economy and distribute their incomes to consumption, education, 
child bearing, and wealth accumulation. The production sectors or firms use physical 
capital and labour as inputs. Exchanges take place in perfectly competitive markets. 
Factor markets work well; factors are inelastically supplied and the available factors 
are fully utilized at every moment. Saving is undertaken only by households. All 
earnings of firms are distributed in the form of payments to the factors of production. 
We assume a homogenous population ( )tN  at time. Let ( )tT  and ( )tTe  represent 
for, respectively, the work time and study time of the representative household. The 
total work time is ( ) ( ).tNtT  We use ( )tH  to stand for the level of human capital of 
the population. The total qualified labour force is  
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     ( ) ( ) ( )( ) ( ),tNtHtTtN tm=                                                                            (1)  
 
where the parameter, ( ),tm  describes how effectively the population uses human 
capital in time .t  The labour force is distributed between the two sectors. We assume 
that wage rates are identical between professions. The total capital stock of physical 
capital, ( ),tK  is allocated between the two sectors. We use subscripts e  and i  to 
stand for the education and industrial sector, respectively. We use ( )tN j  and ( )tK j  
to stand for the labour force and capital stocks employed by sector .j  The assumption 
of full employment of labour and capital implies 
 
( ) ( ) ( ),tKtKtK ei =+               ( ) ( ) ( ).tNtNtN ei =+                                 (2)                                       
 
Equations (1) can be expressed as  
 
( ) ( ) ( ) ( ) ( ),tktktntktn eeii =+              ( ) ( ) ,1=+ tntn ei                             (3) 
 
in which 
 
     ( ) ( )( ) ( )
( )
( ) ( )
( )
( ) .,,,, eijtN
tK
tk
tN
tN
tn
tN
tK
tk jj
j
j
j =≡≡≡  
 
The industrial sector 
The production function is  
 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ,1,0,,, =+>= tttttAtNtKAtF iiiiiiiii ii βαβαβα     (4) 
 
where ( ) ( ),, ttA ii α  and ( )tiβ  are positive parameters. The rate of interest, ( ),tr  and 
wage rate per unit work time (of the qualified labour), ( ),tw are determined by 
markets. The marginal conditions for the industrial sector are 
 
     
( ) ( ) ( ) ( )( ) ( ) ( )
( )( ) ( ) ( ) ( )( ) ( ) ( )
( )( ),, ttiiktiAtitiN
tiFtitwt
ti
iktiAtitiK
tiFtitktr
αβββααδ ==−==+ (5) 
 
where ( )tkδ  is the fixed depreciation rate of physical capital. 
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The education sector 
Following Zhang (2014), we consider the education sector perfect competition. 
Let ( )tp  stand for the student’s fee per unit in time. The production function of the 
education sector is a function of ( )tKe  and ( )tNe   
 
( ) ( ) ( )( ) ( )( ) ( ) ( ) ( ) ( ) ,1,0,, =+>= tttttNtKtAtF eeeeteteee ee βαβαβα   (6) 
 
where ( ),tAe  ( )teα  and ( )teβ  are positive parameters. The marginal conditions are 
 
     ( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )( )., tktptAttwtktptAtttr teeeteeek ee αβ βαδ ==+ −     (7) 
 
The demand for and supply of education balances at any point in time 
 
( ) ( ) ( ),tFtNtT ee =                                                                                              (8) 
 
where ( ) ( )tNtTe stand for the total education service. 
 
Human capital dynamics 
Following the Uzawa-Lucas model (Uzawa, 1965, Lucas, 1988) and Zhang 
(2014), we propose the following human capital dynamics 
 
( ) ( ) ( )( ) ( )( ) ( ) ( )( ) ( )( )( ) ( ) ( ) ( ),tHttNtH
tNtTtHtFt
tH ht
tb
e
tmta
ee
e
e
e
δυ
pi
−=
&
                        (9) 
 
where ( ) )0(>thδ  is the depreciation rate of human capital, ( ),teυ ( ),tae  and ( )tbe , 
are non-negative parameters. The sign of the parameter ( )tepi  is not specified as it 
may be either negative or positive. The term, ( ) ,/ NHNTHF eee bemaee piυ  describes 
the contribution to human capital improvement through education. Human capital 
tends to increase with an increase in the level of education service, eF , and in the 
(qualified) total study time, NTH em . 
 
Consumer behaviours 
Consumers decide the time of education, consumption level of commodity, 
number of children, and amount of saving. We use an alternative approach to 
household proposed by Zhang (1993). Let per capita wealth be represented by ( ),tk  
where ( ) ( ) ( )./ tNtKtk ≡  By the definitions, we have 
( ) ( ) ( ) ( )( ).tHtTtktk tm=   
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Per capita current income from the interest payment and the wage payment is 
( ) ( ) ( ) ( ) ( ).twtTtktrty +=                                                                                  
 
The disposable income per head is given by 
 
( ) ( ) ( ).ˆ tktyty +=                                                                 
 
Let ( )tn  and ( )tpn  stand for the birth rate and the cost of birth at time. This 
study assumes that children will have the same level of wealth as that of the parent. 
The cost of the parent is  
 
( ) ( ) ( ).tktntpn =  
 
Here, we neglect other costs such as time spent on children and purchases of 
goods and services (Becker, 1981; Barro and Becker, 1989; Wang et al. 1994; and 
Yip and Zhang, 1997). The household distributes the total available budget between 
saving, ( ),ts  consumption of goods, ( ),tc  education, ( ),tTe  and bearing children, 
( ).tn  The budget constraint is 
 
( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ).1 twtTtktrtntktTtptstc e ++=+++               (10) 
 
The consumer is faced with the following time constraint 
 
( ) ( ) ,0TtTtT e =+                                                                                             (11) 
 
where 0T  is the total available time for work and study. Insert (11) in (10) 
 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ),1 0 twTtktrtytntktTtptstc e ++≡=+++         (12) 
 
where ( ) ( ) ( )twtptp +≡  (which is the opportunity cost of education). As in Barro 
and Becker (1989), this study considers the parents’ utility dependent on the number 
of children. The utility function is specified as follows 
 
( ) ( )( ) ( )( ) ( )( ) ( )( ),0000 tntTtstctU ttett υηλξ=                                                        (13) 
where ( )t0ξ  is called the propensity to consume, ( )t0λ  the propensity to own wealth, 
( )t0η  the propensity to receive education, and  ( )t0υ  the propensity to have children. 
The marginal conditions for maximizing ( )tU  subject to (12) are 
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),,,, tyttntktytteTtptyttstyttc υηλξ ==== (14) 
 
where 
 
     
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ).
1
,,,,
0000
0000
tttt
t
tttttttttttt
υηλξρ
υρυηρηλρλξρξ
+++
=
≡≡≡≡
 
 
The birth and mortality rates and the population dynamics  
The population dynamics is 
 
( ) ( ) ( )( ) ( ),tNtdtntN −=&                                                                                (15) 
 
where ( )tn  and ( )td  are respectively the birth rate and mortality rate. It should be 
noted that Tournemaine and Luangaram (2012) consider mortality rate constant and 
specify the following technology of production of children: ( ) ( ),tTbtn bθ=  where 
( )tTb  is the time of rearing children and b  and θ  are parameters. Equation (14) 
determines the birth rate as  
 
( ) ( ) ( )( ) .tk
tyt
tn
υ
=                                                                                                (16) 
 
The mortality rate is taken on the following equation  
 
( ) ( )( )( ) ( )( ) ,tHty
t
td
tbta
υ
=                                                                                   (17) 
 
where ( ) ,0≥tυ  ( ) ,0≥ta  and ( ) .0≥tb  We call ( )tυ  the mortality rate 
parameter. The equation implies that the mortality rate is negatively related to the 
disposable income and the level of human capital. From (16), (17) and (15) it is 
straightforward to get  
 
( ) ( ) ( )( )
( )
( )( ) ( )( ) ( ).tNtHty
t
tk
tyt
tN
tbta 





−=
υυ
&
                                                (18) 
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Wealth dynamics 
According to the definition of ( ),ts  the change in the household’s wealth is  
 
( ) ( ) ( ).tktstk −=&                                                                                           (19) 
 
We have thus built the dynamic model. The model is more robust than Zhang 
(2014) in that the parameters in this study are time-dependent. We now examine 
dynamics of the model. 
 
3. The dynamics and its properties 
Although the model contains dynamic interactions between population change, 
wealth accumulation and human capital dynamics, we now show that we use 
computer simulation to follow the motion of the dynamic system. Below we are 
providing a computational procedure to plot the motion of the economic system. We 
introduce a new variable  
 
( ) ( ) ( ) .tw
tr
tz k
δ+
≡   
 
The following lemma shows that the dynamics can be expressed by the three-
dimensional differential equations system with ( ),tz  ( ),tN  and ( )tH  as the 
variables.  
 
Lemma 
The dynamics of the economic system is governed by the three dimensional 
differential equations  
 
( ) ( ) ( ) ( )( ),,,,~ ttHtNtztz zΩ=&  
( ) ( ) ( ) ( )( ),,,,~ ttHtNtztN NΩ=&  
( ) ( ) ( ) ( )( ),,,,~ ttHtNtztH HΩ=&                                                                    (20)         
 
where ,~ zΩ  ,
~
NΩ  and HΩ
~
 are functions of ( ),tz ( ),tN  ( ),tH  and t  defined in the 
Appendix. Moreover, all the other variables are determined as functions of ( ),tz  
( ),tN  and ( )tH   at any point in time by the following procedure: ( ) ( )tztk ii /~α=  
→  ( )tke  by (A2) →  ( )tp  by (A3) →  ( )tr  and ( )tw   by (5) →  
( ) ( ) ( )twtptp +=  → ( )tk  by (A12) → ( )tT  by (A7) → ( )tTe  by (11) → ( )ty  by 
(A5) → ( ),tc  ( ),ts  and ( )tn  by (14) → ( )tni  and ( )tne  by (A4) → ( )tN  by (A1) 
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→ ( ) ( ) ( )tNtntN ii =  → ( ) ( ) ( )tNtntN ee =  → ( ) ( ) ( )tNtktK iii =  → 
( ) ( ) ( )tNtktK eee =  → ( )tFi  by (4) → ( )tFe  by (6).  
 
As the expressions are too complicated, we simulate the model to illustrate 
the behaviour of the system. In the reminder of this section we summarize the 
simulation results in Zhang (2014) when all the parameters are time-independent. 
The next section simulates the motion when the parameters are exogenously 
oscillatory.  We specify ,05.0=kδ  ,05.0=hδ  and .10 =T  The requirement 
10 =T  will not affect our analysis. The depreciation rate of physical capital is 
often fixed around 05.0  in economic studies. As shown by Stokey and Rebelo 
(1995), the depreciation rate of human capital is reasonably valued within a range 
between 03.0  and 08.0  for the US economy. The other parameter values are taken 
on  
     
.6.0,1.03.01.0,1.0,2.0,3.1,8.0
,2.1,2.1,2.0,01.0,80.0,7.0,45.0,35.0 0000
===−=====
========
υpi
υηξλαα
babavm
AA
eeee
eiei
    (21) 
 
The propensity to save is 7.0  and the propensity to receive education is 
.01.0  The propensity to consume goods is .08.0 The technological parameters of 
the two sectors are specified at .2.1== ei AA  The conditions 1.0−=epi means 
that the learning by education exhibits decreasing effects in human capital. The 
human capital utilization efficiency is .8.0  The initial conditions are specified as  
 ( ) ( ) ( ) .40,7.20,3.00 === HNz  
 
The simulation result is plotted in Figure 1.  
 
 
 
Figure 1. The Motion of the Economic System 
t  
t  
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We observe that the variables tend to become stationary over time. The 
simulation demonstrates that the dynamic system has a unique equilibrium point. 
The equilibrium values of the variables are 
 
,067.0,40.9,47.9,65.15,34.4,04.3 ====== ei NNNKHN      
,286.0,12.0,43.13,50.2,65.1,17.0,48.15 ======== dnFFkkKK eieiei
.59.0,96.0,14.5,93.0,02.1,234.0,65.1 ======= cTkwprk  
 
We calculate the three eigenvalues: ,21.0−  ,08.0−  and .04.0−  As the 
three eigenvalues are real and negative, the unique equilibrium is locally stable. 
Hence, the system always approaches its equilibrium if it is not far from the 
equilibrium.  
 
4. Comparative dynamic analysis in some parameters by simulation 
Zhang (2014) shows how the system reacts to a once-for-all change in 
parameters. This section shows how the system reacts to time-dependent changes in 
parameters. For convenience we consider the parameters in (21) as the long-term 
average values. We make small perturbations around these long-term values. In this 
study we use ( )tx j∆  to stand for the change rate of the variable ( )tx j  due to changes 
in a parameter value. 
 
Oscillations in the mortality rate parameter 
We now examine the case that the mortality rate parameter is oscillated as 
follows 
 
( ) ( ).sin04.06.0 tt +=υ   
 
The simulation results are plotted in Figure 2. The oscillations in the mortality 
rate parameter causes fluctuations in the death rate and have little impact on the birth 
rate. The population, total labour force and the total physical capital fluctuate. The 
output levels of the two sectors and the levels of two inputs of the two sectors are 
oscillatory with small amplitudes.  We see that the rate of interest, wage rate, human 
capital, wealth, work time and consumption are also oscillatory with negligible 
amplitudes.    
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Figure 2. Oscillations in the Mortality Rate Parameter 
  
Oscillations in the output elasticity of the industrial sector’s capital input 
We now study what happens in the economy if the output elasticity of the 
industrial sector’s capital input experiences the following fluctuations 
 
( ) ( ).sin01.035.0 tti +=α   
 
Different from the effects caused by oscillations in the mortality rate 
parameter, the oscillations in the output elasticity causes fluctuations in the rate of 
the interest, the price of education, wage rate, wealth, distribution, and 
consumption level. The population, total labour force, the total physical capital, and 
the two sectors’ output and input levels fluctuate with negligible amplitudes. 
 
 
 
Figure 3. Oscillations in the Output Elasticity of the Industrial Sector’s Capital Input 
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Oscillations in the propensity to save 
We now study the impact of the following fluctuations in the propensity to save 
 
( ) ( ).sin02.07.00 tt +=λ   
 
All the variables fluctuate around their long-term trends. Both human capital 
and wealth fluctuate with negligible amplitudes.  
 
 
 
Figure 4. Oscillations in the Propensity to Save 
 
Oscillations in the mortality rate elasticity because of disposable income 
We now examine how strongly the disposable income may affect population 
growth. We consider the following fluctuations in the mortality rate elasticity because 
of disposable income 
 
( ) ( ).sin02.03.0 tta +=   
 
The effects on the economic system are similar to the effects caused by 
oscillations in the mortality rate parameter. The death rate experiences fluctuations 
and the impact on the birth rate is negligible. The population, total labour force and 
the total physical capital fluctuate. The output levels of the two sectors and the levels 
of two inputs of the two sectors are oscillatory with small amplitudes.  We see that the 
rate of interest, wage rate, human capital, wealth, work time and consumption are also 
oscillatory with negligible amplitudes. 
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Figure 5. Oscillations in the Mortality Rate Elasticity because of Disposable Income 
 
Oscillations in the propensity to receive education 
We consider the following fluctuations in the propensity to receive education 
 
( ) ( ).sin002.001.00 tt +=η   
 
The fluctuations in the propensity to receive education cause oscillations in the 
time distribution. The birth rate is largely oscillated. The education sector’s output and 
two inputs experience oscillations with large amplitudes. The amplitude of the 
oscillations in the death rate is negligible. The population, total labour force and the 
total physical capital fluctuate with small amplitudes.  We see that the rate of interest, 
wage rate, human capital, wealth, and consumption are also oscillatory with small 
amplitudes. 
 
 
 
Figure 6. Oscillations in the Propensity to Receive Education 
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Concluding Remarks 
This paper was concerned with existence of business oscillations in the 
economic growth model with endogenous population growth and physical and human 
capital accumulation proposed by Zhang (2014). This study generalized Zhang’s 
model by treating all the time-independent parameters as time-dependent parameters. 
The model is a synthesis of the Solow growth model, Uzawa-Lucas two-sector model, 
and the Haavelmo population model and the Barro-Becker fertility choice model. The 
model studies the dynamic interdependence between population change, wealth 
accumulation, and human capital accumulation. We simulated the model to 
demonstrate existence of business cycles under different periodic shocks. 
 
Appendix: Proving the Lemma   
We now confirm the lemma. In the appendix we omit time in expressions 
when there is no confusion. By (5) and (7), we obtain 
 
,
~~
e
e
i
ik
kkw
r
z
ααδ
==
+
≡                                                                                (A1) 
 
where ./~ jjj βαα ≡  From (A1) we have 
  
,ie kk α=                                                                                                         (A2) 
 
where eiie βαβαα /≡  ( 1≠  assumed). From (5), we determine r  and w  as 
functions of .ik  From (A2), (5) and (7), we obtain 
 
,0
ββ ikp =                                                                                                       (A3) 
  
where 
 
.,0 ie
ee
ii
A
Ae βββ
α
ααβ
β
−≡≡   
 
We determine p  as a function of .ik  As ,/~ zk ii α=  we determine ,ik  ,ek  
,p  ,r  ,w  and p  as functions of .z  
From (A1) and (1), we solve the labour distribution as functions of ik  and k  
 
,,
i
i
e
i
i
i k
kk
n
k
kk
n
αα
α −
=
−
=                                                                         (A4) 
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where .1−≡ αα  Insert (2) and mHTkk =  in the definition of y  in (12) 
 
( ) .1 0 wTHTkry m ++=                                                                             (A5) 
 
From yTp e η=  in (14) and (A5), we have 
 
( ) .1 0 wTHTkrTp me ηη ++=                                                                  (A6) 
 
From (11) and (A6), we have  
 
( )
( ) .1 0 pHkr
TwpT
m ++
−
=
η
η
                                                                                (A7) 
 
Insert (A7) in (1) 
 
( ) ( )( ) .1,,, 0pHkr
TNHwpHNzkN
m
m
++
−
=
η
η
                                                        (A8)  
 
From (8) and (6), we have  
 
.
e
e
m
eee kHnTAT
α
=                                                                                       (A9) 
 
From (A9) and (11), we have  
 
.
1
0
e
e
m
ee kHnA
TT α+
=                                                                                  (A10) 
 
From (A7) and (A10), we solve 
 
( )
.
111
e
e
m
e
m
e kHAwp
pHkr
n αη
η






−
−
++
=                                               (A11) 
 
From (A4) and (A11), we solve 
 
     
( ) ( ) .1,,,
1
m
i
eee
m
e H
wp
r
k
kA
wp
wkHA
tHNzk
ee
−
−






−
+
−





−
+=
η
η
αη
η
α
αα
(A12) 
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We determine all the variables as functions of ( ),tz  ( ),tN  ( ),tH  and t  at 
any point in time by the following procedure: zk ii /~α=  by (A1) →  ek by (A2) →  
p  by (A3) →  r  and w   by (5) →  wpp +=   → k   by (A12) → T   by (A7) → 
eT   by (11) → y   by (A5) → ,c  ,s  and n  by (14) → in  and en  by (A4) → N   by 
(A1) → NnN ii =  → NnN ee =  → iii NkK =  → eee NkK =  → iF  by (4) → 
eF  by (6).  
From this procedure, (9) and (18), it is straightforward to show that the 
motion of human capital and the population can be expressed as function of ( ),tz  
( ),tN  ( ),tH  and t  at any point in time 
 
( ),,,,~ tHNzH HΩ=&  
( ).,,,~ tHNzN NΩ=&                                                                                   (A13)         
 
We now show that change in ( )tz  can also be expressed as a differential 
equation in terms of  ( ),tz  ( ),tN  ( ),tH  and .t  From (19), we have 
 
( ) .,,,0 kytHNzk −≡Ω= λ&                                                                  (A14) 
 
Taking derivatives of mHTkk =  with respect to time, we have 
 
     
,
~11~111111
HN H
m
H
T
TH
k
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T
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k
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z
z
T
Tz
k
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T
Tt
k
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k Ω





+
∂
∂
+
∂
∂
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

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

∂
∂
+
∂
∂
+





∂
∂
+
∂
∂
+
∂
∂
+
∂
∂
= &
&
  
                                                                                                                                                  (A15) 
 
where we also use (A13). From (A14) and (A15), we solve 
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~11~1111
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(A16) 
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The three differential equations (A13) and (A16) contain three variables 
( ),tz  ( ),tN  and ( ).tH  We thus proved the lemma.  
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